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We investigate the extrinsic spin Hall effect in the electron gas model due to transition-
metal impurities based on the single-impurity Anderson model with orbital degrees of free-
dom. Both the skew scattering and side jump mechanisms are analyzed in a unified way,
and the significant role of orbital degrees of freedom are clarified. The obtained spin Hall
conductivities are in proportion to the spin-orbit polarization at the Fermi level 〈l · s〉µ as
is the case with the intrinsic spin Hall effect: skew scattering term σssSH ∝ 〈l · s〉µδ1σxx, and
side jump term σsjSH ∝ 〈l ·s〉µ, where δ1 is the phase shift for p (l = 1) partial wave. Further-
more, the present study indicates the existence of a nontrivial close relationship between the
intrinsic term σintSH and the extrinsic side jump term σ
sj
SH.
§1. Introduction
There is growing interest in the spin Hall effect (SHE), which is the phenomenon
that an electric field induces a spin current in a transverse direction. After its theo-
retical prediction by Hirsch in 1999,1) which was originally proposed by D’yakonov
and Perel’ in 1971,2) investigations were initially focused mostly in semiconductors.3)
Recently, however, experiments have made great progress on electrical spin injection
and detection in metals.4)–6) Therefore, SHE in various metals has received consid-
erable attention owing to its fundamental interest as well as its potential application
in spintronics.
The intrinsic SHE arises from the Berry phase of the multiband Bloch func-
tion.7), 8) In d-electron systems, the spin Hall conductivity (SHC) takes a large value
due to the “orbital Aharonov-Bohm phase factor” induced by the d-angular momen-
tum with the aid of the atomic spin-orbit interaction (SOI).9)–13) In Ref. 12), the
present authors pointed out, for the first time, that the intrinsic SHC is in propor-
tion to the spin-orbit polarization at the Fermi level 〈l · s〉µ. In accordance with the
sign change of 〈l · s〉µ, SHC changes its sign. The sign of the spin Hall angle (SHA
αSH =
jSx
jCy
2|e|
~
) calculated in this study is consistent with the recent experimental ob-
servation based on the spin pumping method.14) Furthermore, more recently, SHC
experimentally measured by Morota et al.15) is semiquantitatively consistent with
the result in Ref. 11). This fact strongly indicates that the intrinsic mechanism
is dominant for the experimentally observed SHE in 4d and 5d transition metals.
In f -electron systems, moreover, which possess larger angular momentum, a giant
intrinsic contribution arises from the same mechanism as d-electron systems.16), 17)
In addition to the intrinsic mechanism, SHE is also caused by impurity scattering
with the aid of the SOI, which is known as extrinsic SHE.1), 2), 18)–21) A controversial
study on the extrinsic SHE in Au/FePt was reported in Ref. 22). To understand this
typeset using PTPTEX.cls 〈Ver.0.9〉
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experimental observation, Guo et al. studied the skew scattering mechanism due to
Fe impurities in Au.23) Therein, they considered that the giant SHE is originated
from the orbital-Kondo effect of Fe impurities in Au host. However, Mihajlovic et al.
reported the small SHA in Au for a 60 nm-thick Au Hall bar.24) Consistently with
the latter reported, 〈l · s〉µ of Fe will be small since the orbital magnetic moment is
almost quenched because of the small SOI of Fe atom.25)–27) Independently of Ref.
23), the present authors studied the skew scattering term due to the f -electrons.28)
Therein, we found that the giant SHC is realized only in the case of a large spin-orbit
polarization.
More recently, Seki et al.29) and Sugai et al.30) have studied the Au layer
thickness dependence of the SHA, and concluded that the giant SHA originates from
the the scattering on the surface. Later, Gu et al. studied the possibility for a surface-
assisted skew scattering on Pt impurities.31) In another group, in addition, Niimi
and Fert et al. have recently reported a large SHA in Cu due to Ir impurity.32), 33)
In the extrinsic mechanism, not only the skew scattering mechanism but the
side jump mechanism also exists. Compared with the skew scattering mechanism,
the side jump mechanism is less well understood. To elucidate the major role of the
orbital degrees of freedom in the extrinsic SHE, studies on both the skew scattering
and side jump terms based on the single-impurity Anderson model (SIAM) are highly
required. Moreover, the side jump term originates from the anomalous velocity, as
is the case with the intrinsic term. This fact could indicate the existence of a close
relationship between the side jump term and the intrinsic term.34)
In this paper, we study the extrinsic SHE based on the SIAM for transition
metal atoms. The analytical expressions for both the skew scattering term σssSH and
side jump term σsjSH are derived. As is the case with the intrinsic term σ
int
SH, both σ
ss
SH
and σsjSH are proportional to the spin-orbit polarization at the Fermi level 〈l · s〉µ:
σssSH ∝ 〈l ·s〉µδ1σxx, and σsjSH ∝ 〈l ·s〉µ, where δ1 is the phase shift for p (l = 1) partial
wave. Therefore, 〈l · s〉µ ∼ O(1) will be a necessary condition for a giant extrinsic
SHE, which is realized in the rare-earth atoms. In contrast, 〈l · s〉µ is small in 4d
and 5d transition metals,12) which makes the extrinsic SHE small. Both the intrinsic
and extrinsic terms can be discussed from the same viewpoint that is the spin-orbit
polarization at the Fermi level 〈l · s〉µ.
In the present study, it is found that the contribution of the side jump term due
to the impurity such as Pt in Cu host is comparable to that of the intrinsic term in
Pt. In contrast, the condition for the skew scattering term to be huge is difficult to
be realized, which not only 〈l · s〉µ but also δ1 should be large.
§2. Model and Hamiltonian
In this study, we use the SIAM for transition metal atoms. In the presence of
the SOI, d-electron states are specified by the total angular momentum J = 2± 1/2
and its z-component. By using the eigenvalues for Jˆ2, Lˆ2, and sˆ2, we obtain l · s =
{j(j + 1) − l(l + 1) − s(s + 1)}/2 = −3/2 (1) for J = 3/2 (J = 5/2). As shown in
Fig.1, therefore, E− = E0 − 32λ and E+ = E0 + 32λ, where E0 is the d-level energy
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without SOI. In contrast to the rare-earth atoms, J = 3/2 and J = 5/2 states cannot
be treated separately in 4d and 5d metal atoms since the s-d hybridization potential
is larger than the SOI. Therefore, we introduce the following SIAM for 4d and 5d
transition metal atoms with both p- and d-orbitals:35)
H =
∑
k,σ
εkc
†
kσckσ +
∑
kσm
Epp†σmpσm +
∑
k,M,α=±
Eα (dαM )
† dαM
+
∑
kσm
{
V pkmc
†
kσpσm + h.c.
}
+
∑
k,σ,M,α=±
{
V αkMσc
†
kσd
α
M + h.c.
}
+
Ud
2
∑
M 6=M ′
ndMn
d
M ′ .
(2.1)
Here, c†kσ is the creation operator of a conduction electron with spin σ = ±1.
(
d±M
)†
is the creation operator of a d-electron with total angular momentum J = 2±1/2 and
z-component M (−J ≤ M ≤ J). p†σm is the creation operator of a p-electron with
angular momentum m(−1 ≤ m ≤ 1). εk = k2/2m is the energy for the conduction
electrons, and E± (Ep) is the localized d (p)-level energy. Here, we omit the atomic
SOI for p-electrons since it is much smaller than |µ − Ep|. V ±kMσ and V pkm are the
mixing potentials, which are given by
V ±kMσ =
√
4πVd
∑
m
aM±mσ Y
m
2 (kˆ), (2.2)
V pkm =
√
4πVpY
m
1 (kˆ), (2.3)
where aM±mσ is the Clebsch-Gordan (C-G) coefficient for J = 2 ± 1/2 and Y ml (kˆ) is
the spherical harmonic function. We will show that the phase factor in Y ml (kˆ) and
aM±mσ are indispensable to realize the SHE. Here, the C-G coefficient is given by
aM−mσ = −σ {(5/2 −Mσ) /5}1/2 δm,M−σ/2 for J = 3/2,
aM+mσ = {(5/2 +Mσ) /5}1/2 δm,M−σ/2 for J = 5/2. (2.4)
In the present study, we neglect the crystalline electric field for each of the J = 3/2
and J = 5/2 states to avoid too complicated expressions. We put ~ = 1 hereafter.
Fig. 1. The atomic SOI λl · s leads to a splitting between d-level with total angular momentum
J = 3/2 and J = 5/2, whose energies are given by E− = E0 − 3λ/2 and E+ = E0 + λ,
respectively. Here, E0 is the d-electron energy without SOI.
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To discuss the scattering problem, it is useful to derive an effective Hamilto-
nian for the conduction electrons by integrating out the d and p electrons in Eq.
(2.1).36), 37) The obtained Hamiltonian is given by
Hc =
∑
kσ
εkc
†
kσckσ +
∑
k,k′,σ
Jpk,k′c
†
kσck′σ
+
∑
k,k′,σ,σ′,α=±
Jαkσ,k′σ′c
†
kσck′σ′ , (2
.5)
where
Jpk,k′ =
1
µ−Ep
∑
m
V pkm(V
p
k′m)
∗
= 4πJp
∑
m
Y m1 (kˆ)
[
Y m1 (kˆ
′)
]∗
, (2.6)
J±kσ,k′σ′ =
1
µ− E˜±
∑
M
V ±kMσ
(
V ±k′Mσ′
)∗
= 4πJ±
∑
Mmm′
aM±mσ a
M±
m′σ′Y
m
2 (kˆ)
[
Y m
′
2 (kˆ
′)
]∗
, (2.7)
Jp ≡ |Vp|2/(µ − Ep) and J± ≡ |Vd|2/(µ − E˜±). Here, E˜± = E± + ReΣ d ; Σ d is the
d-electron self-energy due to the Coulomb interaction Ud. According to the scaling
=
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Fig. 2. Diagrammatic expression for J±
kσ,k′σ′
.
theory,37) E˜± approaches the Fermi level as the temperature decreases due to the
Kondo effect: |J±| is strongly enhanced near the Kondo temperature TK, and below
TK, J±N(0) ≫ 1 due to strong resonant scattering, where N(0) = mkF /2π2 is the
density of state of the conduction band per spin. We also assume that JpN(0)(=
− tan δ1/π)≪ 1 since |µ− Ep| ∼ O(1eV).35)
Here, we explain the spin-orbit polarization due to the SOI, which plays a sig-
nificant role in the intrinsic SHE.12) Using the relation 〈l · s〉+(−) = 1 (−3/2), the
spin-orbit polarization ratio of d-electrons at the Fermi level is given by
〈l · s〉µ = 〈l · s〉+N+(0) + 〈l · s〉−N−(0)
N+(0) +N−(0)
= 3
J2+ − J2−
3J2+ + 2J
2
−
. (2.8)
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N±(0) are the DOS for J = 2±1/2 state, which are given byN+ =
∑5/2
M=−5/2
ImgA+(0)/π =
6
pi Img
A
+(0) = 6N(0)
|Vd|
2
(µ−E+)2
, andN− =
∑3/2
M=−3/2 Img
A
−(0)/π =
4
pi Img
A
−(0) = 4N(0)
|Vd|
2
(µ−E−)2
,
respectively. Here, gA±(0) is the local Green function for d-electrons, which is given
by gA±(0) =
1
N
∑
kσ
(V ±
kMσ
)∗
µ−E±
GAkσ(0)
V ±
kM′σ
µ−E±
= |Vd|
2
(µ−E±)2
1
N
∑
kG
A
kσ(0)δM,M ′ . From the
above expression, note that 〈l · s〉µ vanishes when J+ = J−.
§3. T -matrix and Current Vertex Correction
In this section, we study the scattering problem. In both models given by Eqs.
(2.1) and (2.5), the T -matrix due to the c-d resonant scattering is equivalent; it is
given by
T dkσ,k′σ′ = J
+
kσ,k′σ′ + J
−
kσ,k′σ′
+
1
N
∑
k1,σ1
(J+kσ,k1σ1 + J
−
kσ,k1σ1
)G0k1T
d
k1σ1,k′σ′ , (3
.1)
where its diagrammatic expression is shown in Fig.3 (a), N is the number of k-points,
and G0k(ε) = (ε + µ − εk)−1. In this T -matrix, the terms containing both J−kσ,k1σ1
and J+k1σ1,k′σ′ shown in Fig.3 (b) vanish identically after k1 and σ1-summations as
follows: ∑
k1,σ1
J−kσ,k1σ1J
+
k1σ1,k′σ′
∝
∑
σ1
aM
′−
mσ1 a
M+
mσ1
∫
dΩk1Y
M ′
2 (kˆ1)
(
YM2 (kˆ1)
)∗
= δM,M ′
∑
σ1
aM−mσ1a
M+
mσ1 = 0. (3
.2)
Moreover, the term containing both Jdkσ,k′σ′ and J
p
k,k′ given in Fig.3 (c) vanishes
identically due to the orthogonality of spherical harmonic functions. Then, the
solution of Eq. (3.1) for k = k′ and σ = σ′ is simply given by
T dkσ,kσ(ε) =
2J−
1− J−g(ε) +
3J+
1− J+g(ε) , (3
.3)
where we have used the relations
∑
M |V −(+)kMσ |2 = 2|Vd|2 (3|Vd|2), and 1N
∑
kσ V
±
kMσ
×G0k(ε)
(
V ±kM ′σ
)∗
= |Vd|2g(ε)δMM ′ . g(ε) = 1N
∑
kG
0
k(ε) is the local Green function.
Assuming approximate particle-hole symmetry near µ, we put gR(0) ≡ g(+iδ) =
−iπN(0). Then, the quasiparticle damping rate in the T -matrix approximation is
given by
γd = −nimpImT dRkσ,kσ(0)
= 2nimp
πN(0)J2−
1 + (πN(0)J−)2
+ 3nimp
πN(0)J2+
1 + (πN(0)J+)2
≡ γ− + γ+, (3.4)
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Fig. 3. (a) Diagrammatic expression for the T -matrix due to c-d resonant scattering. (b) and
(c) Diagrams that vanish after k1-summation. (d) Expression of the Ward-Takahashi identity
connecting between the current vertex correction (CVC) and the self- energy Σk . (e) Type I
of CVC is obtained by differentiating the Green function, and (f) type II CVC obtained by
differentiating the impurity potential. The former (latter) process gives the skew scattering
term (side jump term).
where nimp is the impurity concentration. Note that Eq. (3.4) is exact if nimp ≪ 1.
Here, we discuss the current vertex correction (CVC) due to a single impurity,
which is the origin of the extrinsic terms. The total current Jk in the presence of
the CVC is given by the Ward-Takahashi identity as follows, which is shown in Fig.3
(d):38)
Jk = vk +
∂Σˆk
∂k
, (3.5)
where the second term in the right-hand side is the CVC, which is required to satisfy
the conservation law. Σˆk = nimpTˆk,k is a self-energy in the T-matrix approximation.
As shown in Fig.3(e) and (f), two types of CVCs are derived from the Ward identity.
The type I of CVC is obtained by differentiating the Green function as shown in
Fig.3(e), and the type II of CVC is obtained by differentiating the impurity potential
as shown in Fig.3(f). We will show that the skew scattering term arises from the
former type of the CVC and the side jump term arises from the latter type. In
contrast, the CVC due to the local impurity potential is negligible in the intrinsic
Extrinsic Spin Hall Effect Due to Transition-Metal Impurities 7
term in transition metals.11)
§4. Skew Scattering Term
In this section, we study the skew scattering term using the linear response
theory. Initially, we consider the cases N(0)|J±| ≪ 1 and |Jp| ≪ |J±|, where the
Born approximation is valid. In analogy to Refs. 21) and 35), the lowest skew
scattering term is given by the following second Born approximation,
σ
ss(2ndBorn)
SH = −
e
2π
nimp
1
N2
∑
k,k′σ
σ
2
∂εk
∂kx
∂εk′
∂k′y
|GRk (0)|2
× |GRk′(0)|2
{
T
d(2)R
kσ,k′σ(0)J
p
k′,k + c.c.
}
, (4.1)
where −e (e > 0) is the electron charge. Its diagrammatic expression is shown in
Fig.4 (a). Here,
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Fig. 4. Diagrammatic expressions for SHC induced by skew scattering (a) within the lowest order
(extended Born approximation) contribution, and (b) in the T -matrix approximation with full
order diagrams.
T
d(2)R
kσ,k′σ(0) =
1
N
∑
k1,σ1,α=±
Jαkσ,k1σ1G
R
k1
(0)Jαk1σ1,k′σ
=
∑
α=±
gR(0)JαJ
α
kσ,k′σ, (4.2)
is the second-order term of the T -matrix; the first-order term in J±kσ,k′σ does not
contribute to σssSH up to the first-order term in J±.
35) Note that any diagram that
contains the part shown in Fig.3 (b) vanishes identically. The retarded Green func-
tion is given by GRk (0) = (µ − εk + iγ)−1, where γ represents the quasiparticle
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damping rate. Here, we put
γ = γd + γ0, (4.3)
where γ0 is the damping rate due to nonmagnetic scattering, such as c-p scattering
(γp = 3πnimpN(0)J
2
p ) and the scattering due to disorders. The charge current is
given by jCµ = −e∂εk/∂kµ, where µ = x, y. The spin current is then given by
jSµ = (σ/2)∂εk/∂kµ.
First, we consider the angular integration in Eq. (4.1), which is given by∑
σ
σ
2
〈
J±kσ,k′σJ
p
k′,kf(kˆ, kˆ
′)
〉
Ω
, (4.4)
where f(kˆ, kˆ′) ≡ m
2
k2
∂εk
∂kx
∂εk′
∂k′y
= sin θk cosφk sin θk′ sinφk′ , and 〈· · ·〉Ω denotes the
average over the Fermi level, which is defined as
〈
A(kˆ, kˆ′)
〉
Ω
≡
∫
dΩkdΩk′
(4π)2
A(kˆ, kˆ′).
Since f(kˆ, kˆ′) = 2π
{
Y 11 (kˆ)− Y −11 (kˆ)
}{
Y −11 (kˆ
′) + Y 11 (kˆ
′)
}
/3i, angular integration
such as
∫
dΩkY
M−σ/2
2 (kˆ)Y
m
l (kˆ)Y
±1
1 (kˆ) appears in Eq. (4
.4). This integral is finite
only when l = 1, 3. Therefore, the interference of the d (l = 2) and p (l = 1) partial
waves is essential for skew scattering.35) After performing the angular integrations,
Eq. (4.4) is given by
∑
σ,α=±
σ
2
〈
Jαkσ,k′σJ
p
k′,kf(kˆ, kˆ
′)
〉
Ω
= − i
5
Jp(J+ − J−). (4.5)
Using the relations |GRk (0)|2 ≈ piγ δ(µ − εk) for small γ, 1N
∑
k1
GRk1(0) = g
R(0) =
−iπN(0), and the spin-orbit polarization 〈l · s〉µ given in Eqs. (2.8) and (4.1) is
transformed into
σ
ss(2ndBorn)
SH =
e
2π
2π3
5
nimpJp
〈l · s〉µ
3
(3J2+ + 2J
2
−)N(0)
× 1
N2
∑
k,k′
∂εk
∂k
∂ε′k
∂k′
1
γ2
δ(µ − εk)δ(µ − εk′). (4.6)
Since γ− = 2πnimpN(0)J
2
− (γ+ = 3πnimpN(0)J
2
+) for J = 3/2 (J = 5/2) in the Born
approximation, σssSH is given by
σ
ss(2ndBorn)
SH =
e
2π
1
30π2
Jpk
4
F 〈l · s〉µ
γd
γ2
. (4.7)
From the above expression, σssSH vanishes when J+ = J−.
Now, we derive the skew scattering term using the T -matrix approximation,
which gives the exact result for nimp ≪ 1. In this case, T d(2)Rkσ,k′σ(0) in Eq. (4.1)
is replaced with the full T -matrix T dRkσ,k′σ(0) =
∑
α=± T
d(2)R
kσ,k′σ(0)
(
1− gR(0)Jα
)−1
,
where the first-order term in J±kσ,k′σ has been dropped. The diagrammatic expression
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for σssSH is shown in Fig.4 (b). The angular integration in the T -matrix approximation
can be performed as
Re
∑
σ
σ
2
〈
T dRkσ,k′σ(0)J
p
k′,kf(kˆ, kˆ
′)
〉
Ω
= −Jp
5
[
πN(0)J2+
1 + (πN(0)J+)
2 −
πN(0)J2−
1 + (πN(0)J−)
2
]
. (4.8)
Then, the nonperturbative expression for σssSH with respect to J± obtained by the
T -matrix approximation is given by
σssSH =
e
2π
1
30π2
Jp
k4F
γ2
〈l · s〉µ
× nimp
{
3πN(0)J2+ + 2πN(0)J
2
−
[1 + (πN(0)J+)2] [1 + (πN(0)J−)2]
}
, (4.9)
where 〈l · s〉µ is given in Eq.(2.8). In the case of N(0)J+(−) ≫ 1 and N(0)J−(+) ≪ 1,
the quasiparticle damping rate in Eq. (3.4) is given as γ+(−). In the case of γd = γ
and kF = π/a, furthermore, the skew scattering term is simply given as
σssSH =
e
2πa
1
10
nJp
〈l · s〉µ
γ
. (4.10)
Here, n = k3F/3π
2 is the density of the conduction electrons. Thus, σssSH ∝ γd/γ2 and
therefore, considerably large SHC can be realized due to the skew scattering term
σssSH in the low resistivity metals.
§5. Side Jump Term I: for 〈l · s〉µ = −3/2 or 1
In this section, we derive the side jump term σsjSH for J = 5/2 and 3/2 indepen-
dently under the assumption that the separation between these two states is complete
(J+ ≫ J− or J− ≫ J+). However, when this separation is incomplete, the cross-
term arises. We will discuss the contribution of the cross term in the next subsection.
First, we consider the case where the Born approximation is valid: N(0)|J±| ≪ 1.
In contrast to the skew scattering term, Jp is not necessary for the side jump term.
The lowest order side jump term is given by the Born approximation. In the present
model, it is given by σ
sj(Born)
SH is given by
σ
sj(Born)
SH (J = 5/2(3/2)) = −
e
2π
nimp
1
N2
∑
k,k′
σ,σ′,M
{
1
2
(
3σ
2
+ SM
)
∂V
+(−)
kMσ
∂kx
}
∂εk
∂ky
× |GRk (0)|2
1
µ−E+(−)
[
(V
+(−)
k′Mσ′)
∗GRk′(0)J
+(−)
k′σ′,kσ + 〈R↔ A〉
]
,
(5.1)
whose diagrammatic expression is shown in Fig.5(a). We stress that J+(−) is neces-
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Fig. 5. (a) Diagrammatic expression for the side jump term within the lowest order (Born approx-
imation) contribution and (b) in the T -matrix approximation. (c) The diagram without J+(−)
vanishes identically. In contrast to the skew scattering term, Jp is not necessary for the side
jump. (d) The diagram which vanishes identically unless Jp is taken into account.
sary for finite SHC since the term without J+(−) vanishes identically as discussed in
section 7. In the present model, the charge current operator is given by jˆCµ = −evˆkµ,
where −e (e > 0) is the electron charge, and
vˆkµ =
∑
σ
∂εk
∂kµ
c†kσckσ +
∑
σM
{
∂VkMσ
∂kµ
c†kσdkM + h.c.
}
. (5.2)
Next, we explain the sz-spin current operator jˆ
S
µ . In the present model, sˆz is given
by
sˆz =
∑
σ
σ
2
c†kσckσ +
∑
M
S
−(+)
M (d
−(+)
M )
†d
−(+)
M +
∑
M
S′M (d
−(+)
M )
†d
+(−)
M , (5
.3)
where S
−(+)
M is the spin sz for only the J = 3/2 (5/2) state given by S
−(+)
M =∑
mσ
σ
2
[
a
M−(+)
mσ
]2
, and S′M is that of the cross-term for J = 3/2 and 5/2 states
given as S′M =
∑
mσ
σ
2a
M−
mσ a
M+
mσ . It is straightforward to show that S
−(+)
M = −M5
(M5 ) for J = 3/2 (5/2). Moreover, S
′
M = −12
{
1− (2M5 )2}1/2 for both J = 3/2
and 5/2. We now discuss the case where J = 3/2 and 5/2 states are completely
separated (i.e. J+ ≫ J− or J− ≫ J+). Then, S′M in Eq. (5.3) is negligible, and the
spin current jˆSµ ≡
{
vˆckµ, sˆz
}
/2 is given by
jˆSµ =
∑
σ
σ
2
∂εk
∂kµ
c†kσckσ +
∑
σM
{
1
2
(σ
2
+ SM
) ∂V ±kMσ
∂kµ
c†kσd
±
M + h.c.
}
. (5.4)
Here, we study the velocity due to the c-d mixing potential VkMσ given as
39)
∂V ±kMσ
∂kx
= −i
(
M − σ
2
) ky
k2x + k
2
y
V ±kMσ +
∂
∂kx
(
V ±kMσα
∗
M,σ
)
αM,σ
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≡ vax + vbx. (5.5)
vax is the anomalous velocity given by the k-derivative of the phase factor αM,σ =
exp
{
i
(
M− σ2
)
φk
}
in VkMσ.
17), 39) Since vax ∝ ky and thus
∑
k v
a
x(∂ǫk/∂ky) 6= 0, the
anomalous velocity gives rise to the large SHE and AHE in heavy fermion systems.
In contrast, vbx ∝ kx gives a normal velocity. Using the following relationships,
ky
k2x + k
2
y
=
1
k
sin θ sinφ
sin2 θ
,
∂εk
∂ky
=
∂εk
∂k
sin θ sinφ, (5.6)
Eq. (5.1) is transformed as
σ
sj(Born)
SH (J = 5/2(3/2))
= − e
2π
nimp
2
µ− E+(−)
∑
k,k′σ,σ′
∂εk
∂k
ImGRk′(0)|GRk (0)|2
×
(∑
M
Λ
+(−)
Mσ V
+(−)
kMσ (V
+(−)
k′Mσ′)
∗
)
J
+(−)
k′σ′,kσ sin
2 φk, (5.7)
where Λ
+(−)
Mσ =
1
2
(
M − σ2
) (
3σ
2 + S
+(−)
M
)
and k ≡ |k|. First, we derive σsjSH for
J = 3/2. The angular integration in Eq. (5.7) is given by
1
µ− E−
〈∑
M,
σ,σ′
Λ−MσV
−
kMσ(V
−
k′Mσ′)
∗J−k′σ′,kσ sin
2 φk
〉
Ω
. (5.8)
Note that this term includes the term calculated as
∑
σ′
〈
(V −k′Mσ′)
∗V −k′M ′σ′
〉
Ω
k′
=
|V−|2δMM ′ . Using the following relations for J = 3/2,∑
Mσ
M2|V −kMσ|2 = |Vd|2(1 + 6 sin2 θ), (5.9)∑
Mσ
σ2|V −kMσ|2 = 4|Vd|2, (5.10)∑
Mσ
Mσ|V −kMσ|2 = 2|Vd|2
(
1− 3 sin2 θ) , (5.11)
the angular integration in Eq. (5.8) is performed as
|Vd|2
(µ − E−)2
〈∑
Mσ
Λ−Mσ|V −kMσ|2 sin2 φk
〉
Ωk
= −18
5
J2−. (5.12)
Then, using the relations |GRk |2 ≈ piγ δ(µ − εk) for small γ, Eq. (5.7) is transformed
as
σ
sj(Born)
SH (J = 3/2) = −
e
2π
18
5
nimpJ
2
−
1
N2
∑
kk′
1
k
∂εk
∂k
π2
γ
δ(µ − εk)δ(µ − εk′).(5.13)
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By performing k and k′-summations, σsjSH for J = 3/2 is given by
σ
sj(Born)
SH (J = 3/2) = −
e
2π
nimp
9
5
J2−N(0)
kF
γ
(5.14)
=
e
2πa
3
5
γ−
γ
〈l · s〉−. (5.15)
Here, 〈l · s〉− = −3/2 and we put kF = π/a, where a is a lattice spacing.
In a similar way to the calculation of σsjSH for J = 3/2, we derive σ
sj
SH for J = 5/2.
In this case, using the following relations,∑
Mσ
M2|V +kMσ|2 =
3
2
|Vd|2(1 + 16 sin2 θ), (5.16)
∑
Mσ
σ2|V +kMσ|2 = 6|Vd|2, (5.17)∑
Mσ
Mσ|V +kMσ|2 = 3|Vd|2
(
1 + 2 sin2 θ
)
, (5.18)
the angular integration is performed as
1
µ− E+
〈∑
M,
σ,σ′
Λ+MσV
+
kMσ(V
+
k′Mσ′)
∗J+k′σ′,kσ sin
2 φk
〉
Ω
=
|Vd|2
(µ− E+)2
〈∑
Mσ
Λ+Mσ|V +kMσ|2 sin2 φk
〉
Ω
=
11
5
J2+. (5.19)
Then, by using 〈l · s〉+ = 1 and γ+, σsjSH for J = 5/2 is given by
σ
sj(Born)
SH (J = 5/2) =
e
2π
nimp
11
5
J2+N(0)
kF
γ
(5.20)
=
e
2πa
11
15
γ+
γ
〈l · s〉+, (5.21)
where we put kF = π/a.
Now, we derive the nonperturbative expression of the side jump term using
the T -matrix approximation. In this case, J
+(−)
k′σ′,kσ in Eq. (5
.1) is replaced by the
following full T-matrix:
T
dR+(−)
kσ,k′σ′ =
J
+(−)
kσ,k′σ′
1− (g(0)J+(−))2
. (5.22)
The diagrammatic expression for σsjSH is given in Fig.5 (b). In this case, the angular
integration in eqs. (5.8) and (5.19) is replaced as
1
(µ− E±)2
∑
Mσ
〈
ΛMσV
±
kMσ(V
±
k′Mσ′)
∗T dR±kσ,k′σ′ sin
2 φk
〉
Ω
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= −18
5
J2−
1 + (πN(0)J−)2
for J = 3/2, (5.23)
=
11
5
J2+
1 + (πN(0)J+)2
for J = 5/2. (5.24)
Thus, σsjSH in the T -matrix approximation is given by (1 + (πN(0)J±)
2) times eqs.
(5.14) and (5.20). Therefore, the expression for the side jump term in eqs. (5.15)
and (5.21) is valid beyond the Born approximation, by considering γ±.
§6. Side Jump term II: for general 〈l · s〉µ
In the previous section, we have derived σsjSH in the case where J = 3/2 and
5/2 states are completely isolated. In this section, we discuss the case where these
two states are not isolated, where the cross-term between these two states appears.
Therefore, the contributions of these terms are indispensable for a more accurate
calculation. Note that the cross-term does not exist for the skew scattering term
σssSH because of the relationship in Eq. (3
.2). Now, we derive the cross-term for the
side jump term σsj-crossSH . In the Born approximation, σ
sj-cross(Born)
SH is given by
Fig. 6. Diagrammatic expression for the cross-term of the side jump term σsj-crossSH (a) within the
lowest order (Born approximation) contribution, and (b) in the T -matrix approximation.
σ
sj-cross(Born)
SH = −
e
2π
nimp
1
N2
∑
k,k′σ,σ′,
M,M ′,α=±
{
1
2
(
3σ
2
+ S′M
)
∂V −αkMσ
∂kµ
}
∂εk
∂ky
× |GRk (0)|2
1
µ− Eα
[
(V αk′Mσ′)
∗GRk′(0)J
α
k′σ′,kσ + 〈R↔ A〉
]
, (6.1)
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where S′M is given in Eq. (5
.3). Its diagrammatic expression is shown in Fig.6(a).
Here, the spin current operator is given by
jˆSµ =
∑
σ
σ
2
∂εk
∂kµ
c†kσckσ
+
∑
σM
{
1
2
(σ
2
+ S′M
) ∂V ±kMσ
∂kµ
c†kσd
±
M + h.c.
}
. (6.2)
We remind the readers that the side jump term originates from the anomalous ve-
locity due to the c-d mixing potential. Using Eq. (5.6), Eq. (6.1) is transformed
as
σ
sj-cross(Born)
SH = −
e
2π
nimp
∑
k,k′σ,σ′,
α=±
2
µ− Eα
∂εk
∂k
ImGRk′(0)
× |GRk (0)|2
(∑
M
Λ′MσV
−α
kMσ(V
α
k′Mσ′)
∗
)
× Jαk′σ′,kσ sin2 φk, (6.3)
where Λ
′
Mσ =
1
2(M − σ2 )(3σ2 + S′M). As is the case with the previous subsection, the
angular integration in Eq. (6.1) is performed as
∑
α=±
1
µ− Eα
〈∑
Mσ
Λ′MσV
−α
kMσ(V
α
k′Mσ′)
∗Jαk′σ′,kσ sin
2 φk
〉
Ω
=
∑
α=±
1
(µ − Eα)2
〈∑
Mσ
Λ′MσV
−α
kMσ(V
α
kMσ)
∗ sin2 φk
〉
Ωk
×
〈∑
M ′σ′
V αk′M ′σ′(V
α
k′Mσ′)
∗
〉
Ω
k′
=
∑
α=±
|Vd|2
(µ − Eα)2
〈∑
Mσ
Λ′MσV
−α
kMσ(V
α
kMσ)
∗ sin2 φk
〉
Ωk
= −1
5
(J2+ − J2−). (6.4)
After taking the k-summation in Eq. (6.3), σ
sj-cross(Born)
SH is given by
σ
sj-cross(Born)
SH = −
e
2π
nimp
1
5
(
J2+ + J
2
−
)
N(0)
kF
γ
. (6.5)
Therefore, according to eqs. (5.14), (5.20) and (6.5), the final expression for the side
jump term including the cross-term in the Born approximation is given as
σ
sj(Born)
SH =
e
2π
nimp
{
11
5
J2+ −
9
5
J2−
}
N(0)
kF
γ
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− e
2π
nimp
{
1
5
J2+ +
1
5
J2+
}
N(0)
kF
γ
=
e
2π
2
3
〈l · s〉µ γd
γ
kF
π
. (6.6)
Now, we derive σsj-crossSH in the T -matrix approximation. In this case, J
+(−)
k′σ′,kσ in
Eq. (6.1) is replaced with the full T -matrix T
dR+(−)
k′σ′,kσ . The diagrammatic expression
for σsj-crossSH is shown in Fig.6. As is the case with the Born approximation, the
angular integration in the T -matrix approximation can be performed as
∑
α=±
1
µ− Eα
〈∑
Mσ
Λ′MσV
−α
kMσ(V
α
k′Mσ′)
∗T dRαk′σ,kσ sin
2 φk
〉
Ω
=
1
5
(
J2+
1 + (πN(0)J+)2
+
J2−
1 + (πN(0)J−)2
)
. (6.7)
Therefore, the nonperturbative expression for the side jump term in the full T -matrix
approximation is given as
σsjSH =
e
2π
2
3
〈l · s〉µ kF
π
1
γ
nimp
{
3πN(0)J2+ + 2πN(0)J
2
−
[1 + (πN(0)J+)2] [1 + (πN(0)J−)2]
}
. (6.8)
In the case of N(0)J+(−) ≫ 1 and N(0)J−(+) ≪ 1, the quasiparticle damping rate
in Eq. (3.4) is given as γ+(−). In the case of γd = γ and kF = π/a, the side jump
term is given as
σsjSH =
e
2πa
2
3
〈l · s〉µ. (6.9)
The relationship σsjSH ∝ 〈l · s〉µ is derived only when the cross-term is taken into
account correctly.
Here, we discuss the quasiparticle damping rate γ dependence of σssSH and σ
sj
SH.
From eqs. (4.9) and (6.8), σssSH ∝ 1/γd, σsjSH ∝ (γd)0 for γd ≫ γ0. When σxx ∝ 1/γd,
the spin Hall angle due to the skew scattering mechanism is independent of γd, and
therefore, independent of the impurity concentration. This is consistent with the
recent experiment by Niimi et al.32)
Finally, we discuss the ratio between σssSH and σ
sj
SH. By using Eqs. (4
.9) and
(6.8), the ratio σsjSH/σ
ss
SH is given by
20
3pi
γ
Jpn
, where n = k3F/3π
2 is the density of
the conduction electrons. Therefore, σsjSH in σSH exceeds σ
ss
SH in samples with high
resistivity.
§7. Negligible terms for the side jump term
Here, we discuss the terms for the side jump term, which vanishes identically
or negligible. In section 5, we stress that J+(−) is necessary for a finite side jump
term. This is because the term without J+(−), which is shown in Fig. 7 (a), vanishes
16 T. Tanaka and H. Kontani
identically since Im 1
µ−E+(−)+iδ
= 0. Furthermore, we also stress that the diagram
shown in Fig. 7 (b) vanishes identically after k′-summation unless Jp is taken into
account. At last, the side jump term we have studied is given by the diagrams with
vaµ in Eq. (5.5) and
∂εk
∂kµ
. We have dropped the diagrams with vaµ and v
b
µ as shown
in Fig. 7 (c), since all of them are proportional to nimp, and therefore negligible
for nimp ≪ 1. In summary, the extrinsic SHE is given by the side jump term when
Jp = 0. Then, the dominant term of the side jump term, which is of order γ
0 and
n0imp, is exactly given by Figs. 5 and 6.
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Fig. 7. (a) The diagrammatic expression for the side jump term without J+(−) which vanishes iden-
tically. (b) The side jump term with both T dR
kσ,k′σ′ and T
dA
kσ,k′σ′ , which vanishes identically unless
Jp is taken into account. (c) The side jump term with ∂xV and ∂yV , which are proportional to
nimp. Thus, they are negligible for nimp ≪ 1.
§8. Discussion
8.1. The skew scattering mechanism in two-orbital model
In the previous section §4, we studied the SHC by using the Green function
method. In this section, we discuss the skew scattering mechanism based on the
Boltzmann transport theory. For this purpose, we study a simplified two-orbital
model with M = ±3/2, assuming a strong crystalline electric field. In this model,
V −kMσ ∝ −σVd
{√
4Y −2σ2 (kˆ)δM,−3/2σ + Y
σ
2 (kˆ)δM,3/2σ
}
,
V +kMσ ∝ Vd
{√
4Y 2σ2 (kˆ)δM,3/2σ + Y
−σ
2 (kˆ)δM,−3/2σ
}
.
Since V
+[−]
kMσ ∝ Y 2σ2 (kˆ) [Y −2σ2 (kˆ)] ∝ e2iσφk [e−2iσφk ] approximately, the second-order
term of T d is simply given as
T
d(2)R
kσ,k′σ ∼ −iπN(0)
[
J2+e
2iσ(φk−φk′) − σJ2−e−2iσ(φk−φk′)
]
.
In the Boltzmann transport theory, the spin Hall resistivity due to skew scattering
is ρssSH ∝
∑
σ σ
〈
kxk
′
yw(kσ → k′σ)
〉
µ
, where w represents the scattering probabil-
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ity, which is proportional to nimp
∣∣∣T d(2)Rkσ,k′σ + Jpk,k′∣∣∣2 due to Fermi’s golden rule in the
present model. According to Ref. 35), skew scattering occurs when the scatter-
ing probability includes an assymetric component wss(k → k′) ∝ Imei(φk−φk′) ∝
(kˆ × kˆ′)z. In the present model, wss arises from the interference of the d and p
scattering channel, wss ∈
(
T
d(2)R
kσ,k′σJ
p
k,k′ + c.c.
)
. In fact, wss(kσ → k′σ) ∝ (J2+ −
J2−)× Imeiσ(φk−φk′) in this model since Jpk,k′ contains the term Y ±11 (kˆ)
[
Y ±11 (kˆ
′)
]∗
∝
e±i(φk−φk′). In summary, a conduction electron with σ hybridizes with lz = −2σ
state due to the strong SOI, and therefore, the spin-dependent skew scattering prob-
ability wss(kσ → k′σ) ∝ (J2+− J2−)Imeiσ(φk−φk′) arises from the interference of the d
and p angular momenta. Note that the skew scattering contribution vanishes when
J+ = J−. Thus, the origin of the SHE due to the skew scattering mechanism is well
understood based on the simplified two-orbital model.
8.2. Estimation of the spin Hall angle
Here, we estimate the magnitude of the spin Hall angle due to the skew scattering
term: tanαSH ≡ σ
ss
SH
σxx
2e
~
. The longitudinal conductivity is given by σxx =
e2n
2mγ
,
where n = k3F /3π
2 is the density of the conduction electrons. Then, the spin Hall
angle is given by
tanαSH =
2π2
5
JpN(0)
γd
γ
〈l · s〉µ. (8.1)
Since tan δ1 = −πN(0)Jp,40) Eq. (8.1) can be rewritten as tanαSH = −2π
5
〈l·s〉µ γd
γ
δ1
if |Jp|N(0)≪ 1.
Next, we discuss the condition for a giant extrinsic SHE due to 4d and 5d metal
impurities. From the expressions for the skew scattering term in Eq. (4.9) and the
side jump term in Eq. (6.8), the condition for the giant SHA is 〈l · s〉µ ∼ O(1). This
seems difficult to be realized in d-electron systems since J = 5/2 and 3/2 states are
energetically close, that is, J+ ∼ J−. In Fe, since the orbital magnetic moment is
small, the orbital degrees of freedom are quenched. Therefore, 〈l · s〉µ of Fe impurity
in Au seems to be small.25), 27) In contrast, the condition 〈l ·s〉µ ∼ O(1) is realized in
Ce and Yb atoms due to the almost complete separation between J = 3± 1/2 state,
and as a result, the giant SHE is expected to emerge due to Ce and Yb impurities.
8.3. The relationship between intrinsic and side jump terms
In this section, we discuss the relationship between the intrinsic term σintSH and
the side jump term σsjSH. Since these two terms originate from the anomalous ve-
locity, a close relationship between these two terms could be expected.34) However,
quantitative calculation that supports this idea has not been performed. To com-
pare these two terms quantitatively, we compare the coefficient given as cint(sj) =
σ
int(sj)
SH /
e
2pia〈l · s〉µ, where a represents the atomic distance.
According to Eq. (5.21), the coefficient of the side jump term for J = 5/2 is
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given by csj = 23 . On the other hand, we have recently studied the intrinsic SHE
based on the orbitally degenerate periodic Anderson model (OD-PAM) in Appendix
A.17) The obtained intrinsic term for J = 5/2 is given as
σintSH =
e
2πa
11
15
〈l · s〉µ for J = 5/2, (8.2)
where 〈l · s〉µ = 1. Therefore, the coefficient cint for the OD-PAM is given by
cint = 1115 . As a result, the coefficients c
int and csj obtained from OD-PAM and
SIAM are comparable. Furthermore, in the previous study, we calculated σintSH and
〈l · s〉µ in various 4d and 5d transition metals based on a multiorbital tight-binding
model.11), 12) The coefficient cint for Pt, for example, is estimated as ∼ 3. This is
because σintSH ∼ 103 and 〈l · s〉µ ∼ 0.33 in Pt. For the other transition metals, cint
is estimated to be of order 1. Therefore, these two terms not only have the same
origin, but also have quantitatively comparable contributions.
Our study indicates that it might be difficult to distinguish the intrinsic mech-
anism from the side jump mechanism when the d-ions are strongly disordered. For
a more quantitative study, the study of both mechanisms based on a realistic model
is needed. This is an important future problem. Another future problem is to study
the ac Hall conductivity. Previously, the present authors studied the intrinsic ac
anomalous Hall effect (AHE).42) Therein, the intrinsic ac AHC shows a prominent
deviation from the Drude-type behavior. This coincides with a recent experiment
by Kim et al.43) On the other hand, although no studies have reported the extrinsic
ac AHE or SHE, both the skew scattering term and side jump term may show a
Drude-type behavior. Therefore, ac SHE measurements will be useful to distinguish
between the SHE due to the intrinsic effect and that due to the extrinsic effect. This
is an important future work.
8.4. Comparison with the study based on first principle calculation
Recently, both the intrinsic and extrinsic SHEs have been studied based on the
KKR Muffin-tin approximation.41) The calculated skew scattering term based on
the Kubo formula agrees well with that based on the Boltzmann formula. As for
the side jump term, however, their obtained values seem to be much smaller than
the side jump term based on the SIAM given in the present study. This difference
seems to be due to a different definition of the side jump term. In Ref. 41), the type
II CVC in Fig.3(f) seems to be dropped. We expect that this is the reason why the
side jump term obtained in their study is small in magnitude.
8.5. Summary
In summary, we have studied the extrinsic SHE due to transition metal impuri-
ties based on J = 2 ± 1/2 single-impurity Anderson model (SIAM). The analytical
expressions for both the skew scattering term σssSH and side jump term σ
sj
SH have been
derived. As is the case with the intrinsic term, it was found that both the skew scat-
tering and side jump terms are in proportion to 〈l · s〉µ. Therefore, 〈l · s〉µ ∼ O(1)
is a necessary condition for giant intrinsic and extrinsic SHE. Moreover, we found
a nontrivial close relationship between the intrinsic and side jump terms due to the
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fact that these two terms originate from the anomalous velocity. We have shown that
C int = σintSH/〈l · s〉µ in the OD-PAM is very close to Csj = σsjSH/〈l · s〉µ due to dilute
impurities described in SIAM. Furthermore, according to the previous study,11) cint
in the 4d5d transition metals is estimated to be of the same order. fTo distinguish
the intrinsic mechanism from the side jump mechanism, the ac Hall effect would be
useful.43)
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Appendix A
Derivation of the intrisic term for J = 3/2 and J = 5/2
In the main text, we have discussed the close relationship between the intrinsic
term σintSH and side jump term σ
sj
SH. Here, we derive the intrinsic term for J = 3/2
and 5/2 based on the orbitally degenerate periodic Anderson model (OD-PAM).17)
In the presence of the strong atomic SOI, the J = 5/2 level is about 2000 K
higher than the J = 3/2 level. Therefore, we consider J = 5/2 and 3/2 states
separately. We note that l · s = 12 [j(j + 1)− l(l + 1)− s(s+ 1)] is given as
l · s = 1 for J = 5/2,
l · s = −3/2 for J = 3/2. (A.1)
Here, we introduce the following OD-PAM Hamiltonian:
Hˆ =
∑
kσ
εkc
†
kσckσ +
∑
kM
Edd†kMdkM
+
∑
Mkσ
(V ∗kMσd
†
kMckσ + VkMσc
†
kσdkM )
+ U
∑
i,M 6=M ′
ndiMn
d
iM ′ , (A.2)
where c†kσ is the creation operator of a conduction electron with spin σ = ±1. d†kM
is an operator of a d electron with total angular momentum J = 5/2 or 3/2 and
z-component M (−J ≤M ≤ J). εk is the energy for c electrons, Ed is the localized
d-level energy, and U is the Coulomb interaction for d electrons. VkMσ is the mixing
potential between c and d electrons, which is given by
VkMσ =
√
2
2J + 1
√
4πVd
∑
m
aMmσY
m
l (θk, φk), (A.3)
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where aMmσ is the Clebsch-Gordan (C-G) coefficient given by Eq. (2.4) in the main
text and Y ml (θk, φk) is the spherical harmonic function.
Here, the conduction and d-electron Green’s function for the OD-PAM in the
absence of the magnetic field are given as17), 39)
Gckσσ(ω) =
(
ω + µ− εk −
∑
M
|VkMσ|2
ω + µ− EdM
)−1
,
GdkMM ′(ω) = G
0d
kM (ω)δMM ′
+
∑
σ
G0dkM (ω)V
∗
kMσG
c
kσ(ω)VkM ′σG
0d
kM ′(ω). (A.4)
We note that Gckσσ¯(ω) = 0
39) and G0dkM is the d-electron Green’s function without
hybridization given as
G0dkM (ω) =
1
ω + µ− Ed . (A
.5)
Now, we consider the quasiparticle damping rate Γˆ (ω), which is mainly given
by the imaginary part of the d-electron self-energy Σˆ (ω). In the present study, we
assume that Γ is diagonal with respect to M ΓMM ′ = γδMM ′ and is independent of
the momentum. Here, we perform a calculation of the SHC using this constant γ
approximation. Then, the retarded (advanced) Green’s function is given by
G
cR(A)
k (ω) =
(
ω + µ− εk − |Vd|
2
ω + µ− Ed + (−)iγ
)−1
,
G
0dR(A)
k (ω) =
[
ω + µ− Ed + (−)iγ
]−1
. (A.6)
We calculate the intrinsic SHC σintSH based on linear response theory. The SHC
at T = 0 in the absence of the current vertex correction is given by σintSH = σ
I
SH+σ
II
SH,
where
σISH =
1
2πN
∑
k
Tr
[
jˆSxGˆ
RjˆCy Gˆ
A
]
ω=0
, (A.7)
σIISH =
−1
4πN
∑
k
∫ 0
−∞
dωTr
[
jˆSx
∂GˆR
∂ω
jˆCy Gˆ
R
−jˆSxGˆRjˆCy
∂GˆR
∂ω
− 〈R↔ A〉
]
. (A.8)
Here, σISH and σ
II
SH represent the Fermi surface and Fermi sea term, respectively.
In the present model, the charge current operator is given by jˆCµ = −evˆkµ, where
−e is the electron charge and
vˆkµ =
∑
σ
∂εk
∂kµ
c†kσckσ +
∑
σM
{
∂VkMσ
∂kµ
c†kσdkM + h.c.
}
. (A.9)
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Next, we explain the sz-spin current operator jˆ
s
µ. In the present model, sˆz is given
by
sˆz =
∑
σ
σ
2
c†kσckσ +
∑
M
SMd
†
MkdMk, (A
.10)
where SM =
∑
mσ
σ
2 [a
M
mσ ]
2. It is straightforward to show that SM = −M5 (M5 ) for
J = 3/2 (J = 5/2). Then, the spin current is given by
jˆSµ =
∑
σ
σ
2
∂εk
∂kµ
c†kσckσ
+
∑
σM
{
1
2
(σ
2
+ SM
) ∂VkMσ
∂kµ
c†kσdkM + h.c.
}
. (A.11)
SHE originates from the anomalous velocity given by the k-derivative of the phase
factor in VkMσ. We note that the terms composed only of ∂xεk∂yεk vanish identi-
cally.17)
Here, we calculate the SHC by neglecting CVC according to Eq. (A.7), using
eqs. (A.9) and (A.11). jCµ and j
S
µ are composed of the conduction electron term
∂εk/∂kµ ≡ ∂µεk and the hybridization term ∂µVk. As studied in Ref. 17), the
relationship σintSH ≈ σISH ( i.e. σISH ≫ σIISH) is obtained for small γ.
According to Eqs. (A.7), (A.9) and (A.11), the Fermi surface term due to the
product of ∂µV and ∂µεk is given by is given by
σISH =
−e
2πN
∑
kMσ
1
2
(
3σ
2
+ SM
)
×
[
∂VkMσ
∂kx
∂εk
∂ky
V ∗kMσ|GcRk (0)|2G0fRk (0) + c.c.
]
. (A.12)
First, we confine ourselves to the case for J = 5/2 state. Then, by using the following
relationships for J = 5/2
∑
Mσ
M2|VkMσ|2 = |Vd|
2
2
(
1 + 16 sin2 θ
)
, (A.13)
∑
Mσ
σ2|VkMσ|2 = 2|Vd|2, (A.14)
∑
Mσ
Mσ|VkMσ|2 = |Vd|2
(
1 + 2 sin2 θ
)
, (A.15)
ky
k2x + k
2
y
=
1
k
sin θ sinφ
sin2 θ
,
∂εk
∂ky
=
∂εk
∂k
sin θ sinφ, (A.16)
Eq. (A.12) is transformed as
σISH =
e
2πN
22
5
|Vd|2
∑
k
1
k
∂εk
∂k
γ
(µ −Ek)2 + γ2
|GcRk (0)|2, (A.17)
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where k ≡ |k|.
Here, we analyze Eq. (A.17) when γ is small enough. In this case,
GcRk (0) =
(
µ− εk − |Vd|
2
µ− Ed + iγ
)−1
≃ (µ− ε˜k + iΓc)−1 , (A.18)
where ε˜k = εk+
|Vd|2
µ− Ed , and Γc =
|Vd|2
(µ − Ed)2 γ. Since γ/(x
2+ γ2) = πδ(x) for small
γ, we obtain the following relationship:
|GcRk (0)|2 =
1
(µ− Ek)2 + Γ 2c
≃ π
Γc
δ(µ − Ek). (A.19)
Substituting the above equation into Eq. (A.17), we obtain the following relationship
for small γ:
σISH =
e
2πN
22π
15
∑
k
1
k
∂εk
∂k
δ(µ − Ek). (A.20)
Now, we approximate the conduction electron as a free electron. Then, σISH for
J = 5/2 is given by
σISH = e
11
15
kF
2π2
NFS =
e
2πa
11
15
NFS
=
e
2πa
11
15
NFS〈l · s〉µ, (A.21)
where 〈l · s〉µ = 1, a is the lattice spacing and NFS represents the number of large
Fermi surfaces. The second line in Eq. (A.21) is obtained by putting kF = π/a.
At last, we derive the intrinsic term for J = 3/2. In this case, we use the
following relationships:∑
Mσ
M2|VkMσ|2 = |Vd|
2
2
(
1 + 6 sin2 θ
)
, (A.22)
∑
Mσ
σ2|VkMσ|2 = 2|Vd|2, (A.23)
∑
Mσ
Mσ|VkMσ|2 = |Vd|2
(
1− 3 sin2 θ) . (A.24)
Then, we can perform the calculation of σintSH in a similar way to J = 5/2. As a
result, σintSH for J = 3/2 takes a negative value as
σISH = −e
3
5
kF
2π2
NFS = − e
2πa
3
5
NFS
=
e
2πa
2
5
NFS〈l · s〉µ. (A.25)
Here, 〈l · s〉µ = −3/2, and we put kF = π/a.
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Appendix B
Accurate expression for the side jump term based on a single-impurity
Anderson model for rare-earth atoms
In our previous study,28) we derived the side jump term σsjSH based on the single-
impurity Anderson model. Therein, the definition of the spin current operator jˆSµ
was made by mistake. Instead of defining
jˆSµ =
∑
σ
σ
2
∂εk
∂kµ
+
∑
σM
{
σ
2
∂V fkMσ
∂kµ
c†kσfM + h.c.
}
,
it should be defined by using the spin operator sˆz as is the case with Eq. (5.3) in
the main text. Then, the spin current operator is defined as
jˆSµ =
∑
σ
σ
2
∂εk
∂kµ
c†kσckσ
+
∑
σM
{
1
2
(σ
2
+ SM
) ∂V fkMσ
∂kµ
c†kσfM + h.c
}
. (B.1)
where SM =
σ
2
[
aMmσ
]2
. It is straightforward to show that SM = −M7 (+M7 ) for
J = 5/2 (J = 7/2). By using the following relations for J = 5/2,∑
Mσ
M2|V −kMσ|2 =
3
2
|Vf |2(1 + 16 sin2 θ), (B.2)
∑
Mσ
σ2|V −kMσ|2 = 6|Vf |2, (B.3)∑
Mσ
Mσ|V −kMσ|2 = 3|Vf |2
(
1− 4 sin2 θ) , (B.4)
and for J = 7/2 ∑
Mσ
M2|V +kMσ|2 = 2|Vf |2(1 + 30 sin2 θ), (B.5)∑
Mσ
σ2|V +kMσ|2 = 8|Vf |2, (B.6)∑
Mσ
Mσ|V +kMσ|2 = 4|Vf |2
(
1 + 3 sin2 θ
)
, (B.7)
the final expression for σsjSH is given as
σsjSH = −
e
2π
6
7
kF
π
γf
γ
=
e
2π
3
7
〈l · s〉µ for J = 5/2, (B.8)
σsjSH =
e
2π
15
14
kF
π
γf
γ
=
e
2π
5
7
〈l · s〉µ for J = 7/2, (B.9)
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where spin-orbit polarization 〈l · s〉µ is given by 〈l · s〉µ = −2 (3/2) for J = 5/2
(J = 7/2). We note that only the coefficient of the final expression is slightly-
modified compared with that in Ref. 28).
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